HMM formula collection

Standard HMMs
Hidden Markov Process: X = X, ..., X
Observed process: Y =Y, ..., Yr

State space: S = {s4, ..., Sy}

Initial probabilities: m; = P(X; = i), i=1,...,N
Transition probabilities: a;j = P(X;4q = jlX; = 0),i,j ES
Emission probabilities: b; (Y;|Y{ ™) = P(Y;|X, = j, Y{ 1)

PXT,Y) = my, by, (V) i=z ax,_, x,bx, Vel ™)

Forward Algorithm
a;(t) = P(Y{, X, =)

Initialization: @;(0) = ;i = 1,...,N
Tabular computation: a;(t) = ¥jes a;j(t — Da;ib;(Y|Y{™),i=1,..,N,t=1,..,T
Termination: a;(T + 1) = Yjesa;(TNa;;, i =1,...,N

Backward Algorithm
Bi(t) = P(Yq Y, X, = 0)

Initialization: ;(T+1)=1,i=1,..,N
Tabular computation: §;(t) = X jes B;(t + 1)al-jbj(Yt+1|Yf),i =1,..,Nt=T,T-1,..,0
Termination: none

The Viterbi Algorithm
8 (t) = maxye-1 P(YLXEL X, =0)

Initialization: 6;(0) = m;,i=1,...,N

Tabular computation: §;(t) = max;<j<y 6;(t — 1)ajibi(Yt|Yf_1) ,i=1,..,N,t=1,..,T
Y;(t) = argmax;<jcy 6;(t — 1)ajibi(Yt|Yf_1),i =1,.,N,t=1,..,T

Termination: 6;(T + 1) = max<j<y 6;(Ta;;,i = 1,...,N
Yi(T + 1) = argmax §;(T)aj;,i = 1,...,N
1<jsN
Traceback: X741 = ¢;(T + 1)
Xi =y, t+1,t=TT—-1,.,0



The Baum-Welch Algorithm

yi(®) = P(X, = i|¥]) = z—j:g,-)([ii)(f:,)-(ryi =1,.,Nt=1,.,T

i) =PX, =i, X1 =jl¥D)i=1.,Nt=1,.,T

Initialization: pick arbitrary model parameters {m;, aij, bj: i,j=1,..,N}

Recursion:

1. E-phase: calculate the forward and the backward algorithms for the current parameter
settings.
2. Me-phase: produce new parameter estimates using the re-estimation formulas below.

Re-estimation formulas:

Ty = y;i (1)

g = 2=t &®
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Pair HMMs

Begin () End

State durations:

(1L,1)ifX, = M
(dl,el) = (1,0) lel =]
(0,1)ifX, =D



Po=q=0,p,=T,q,=U

The Viterbi algorithm for PHMMs
Initialization: §;(0,0) = m;
6i(t, 0) = Si(O,U) = O,t >0,u>0

Tabular computation:

Oyt —1,u—Dayy
6M(t, u) = bM(Yt,Zulylt_l,Z:‘lli_l) - max 6I(t - 1, u)a,M
Op(t,u — Dapy

_ _lvt-1 7uy . M M
6;(t,u) = by (Y, |Y1 Z1) max{d,(t -1, way

_ _ t 7u-1y
6p(t,u) = bp( 'Zulyl'Zl ) max{ap(t'u—l)aDD

Termination:

Su (T, U)amm
om(T +1,U+1) =max< 6;(T,U + Da;y

Om (T, U)ay;

6T+1,U+1) = maX{&(T, U+ Day

Om (T, U)ayp

66T +1,U+1) = max{6D(T +1,0)app



