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WhyWhy is it is it interestinginteresting??

• ”fairness for free”

pfairness satisfied ⇒ deadlines are met for the
periodic scheduling problem

• optimal (uni- and multiprocessor)
• low output jitter
• peaceful coexistence of real-time and non-real-time tasks

RealReal--timetime schedulingscheduling algorithmsalgorithms basedbased on on proportionateproportionate
fairnessfairness offers:offers:

OutlineOutline

• Existence of a pfair scheduling
algorithm

• The algorithm PF

ResultsResults

PreliminariesPreliminaries • Problem statement,
• Concepts and system model
• The idea of proportionate

progress
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Problem Problem statementstatement

Schedule on a multiprocessor a set of Schedule on a multiprocessor a set of periodicallyperiodically arrivingarriving
hardhard realreal--timetime tasks with tasks with constantconstant executionexecution time in order time in order 

to to meetmeet deadlinesdeadlines

ConceptsConcepts and system and system modelmodel
• A task τi

• A task set τ = {τ1,τ2,…,τn}
• Period Ti and execution time Ci.   (0<Ci/Ti<1)
• Relative deadline Di.    Di= Ti (periodic scheduling

problem)
• Hard deadlines 
• A task arrives at t=0 for the first time (synchronous task 

set)
• L=lcm(T1,T2,…,Tn)

Example: lcm(2,3,6)=6, because
2*k1  = 6
3*k2  = 6
6*k3  = 6
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ConceptsConcepts and system and system modelmodel

• m identical processors

• ∑i={1,2,…,n} Ci/Ti ≤ m
• A task can be preempted. No preemption cost.
• A task can migrate. No migration cost.

• Quantum based: Ti ∈ Z+,Ci ∈ Z+, scheduling decisions
can only occur at integers

• A task must execute during a whole time slot or not 
execute in that time slot at all.

The The ideaidea of of proportionateproportionate progressprogress

time

CCii/T/Tii everyevery time unit time unit ⇒⇒ ((CCii//TTii)*T)*Tii everyevery TTii time unit time unit ⇒⇒ CCii everyevery TTii time unit time unit 
⇒⇒ deadlines are deadlines are metmet in in periodicperiodic schedulingscheduling

Problem: schedule τ = {(T1 = 5,C1=2), (T2 = 7,C2=4)} on 1 processor

τ1

τ2

One solution: schedule a task τi to execute Ci/Ti every time unit

time

τ1

τ2



Invited talk PDRTS, February 15, 2005, Göteborg, Sweden.

5

The The ideaidea of of proportionateproportionate progressprogress

time

Is Is therethere a a scheduleschedule that that onlyonly switchesswitches tasks at tasks at integerinteger boundariesboundaries??

Problem: schedule τ = {(T1 = 5,C1=2), (T2 = 7,C2=4)} on 1 processor

τ1

τ2

One solution: schedule a task τi to execute Ci/Ti every time unit

time

τ1

τ2

FindFind an an algorithmalgorithm that that minimizesminimizes max |max |lag(lag(ττ ii,t,t)|)|
t,τ

Goal

τi executes => lag(τi) decreses by 1-Ci/Ti
τi does not execute => lag(τi) increases by Ci/Ti

Consequence

The The ideaidea of of proportionateproportionate progressprogress

lag(lag(ττ ii,t,t)   =   t )   =   t •• ((CCii/T/Tii)   )   –– allocated(allocated(ττ ii,t,t))

error Should have
executed
during [0,t)

Actually did
execute
during [0,t)

Definition
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lag(lag(ττ11,1)=0 is ,1)=0 is impossibleimpossible

time

time

time

No task executes in [0,1) => 
lag(τ1,1)=  1*(2/5)-0  ≠ 0
lag(τ2,1)=  1*(4/7)-0  ≠ 0   

τ1 executes in [0,1) => 
lag(τ1,1)=  1*(2/5)-1  ≠ 0
lag(τ2,1)=  1*(4/7)-0  ≠ 0 

τ2 executes in [0,1) => 
lag(τ1,1)=  1*(2/5)-0  ≠ 0
lag(τ2,1)=  1*(4/7)-1  ≠ 0 

τ1

τ2

τ1

τ2

τ1

τ2

Problem: schedule τ = {(T1 = 5,C1=2), (T2 = 7,C2=4)} on 1 processor
switch tasks only at integer boundaries

The The ideaidea of of proportionateproportionate progressprogress

The The ideaidea of of proportionateproportionate progress: progress: 
HowHow far from far from zerozero cancan the lag be?the lag be?

Problem: schedule τ = {(T1 = 4,C1=1), (T2 = 4,C2=1), (T3 = 4,C3=1), 
(T4 = 4,C4=1)} on 1 processor,

lag(τ4,3)=  3* (1/4)  -0   =    3/4

lag(τ1,1)=  1* (1/4)  -1   =   -3/4

--1 < 1 < lag(lag(ττ ii,t,t) < 1 ) < 1 seemsseems to be the to be the worstworst--casecase laglag

τ1

τ2

τ3

τ4
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The The ideaidea of of proportionateproportionate progress:  progress:  
PfairnessPfairness

A schedule is pfair iff: 
forall τi and forall t:   --1 < 1 < lag(lag(ττ ii,t,t) < 1) < 1

Definition

Consequence

If a schedule is pfair then the schedule
solves periodic scheduling.

The The ideaidea of of proportionateproportionate progress:  progress:  
PfairnessPfairness

A schedule S is pfair 
⇒⇒--1 < 1 < lag(lag(ττ ii,t,t) < 1    ) < 1    
⇒⇒--1 < 1 < lag(lag(ττ ii,k*T,k*Tii) < 1) < 1
⇒⇒--1 < 1 < k*Tk*Tii*(C*(Cii/T/Tii) ) –– allocated(allocated(ττ ii,k*T,k*Tii) < 1 ) < 1 
⇒⇒--1 < 1 < k*Ck*Cii –– allocated(allocated(ττ ii,k*T,k*Tii) < 1) < 1
⇒⇒k*Ck*Cii –– allocated(allocated(ττ ii,k*T,k*Tii) = 0) = 0
⇒⇒allocated(allocated(ττ ii,k*T,k*Tii) = ) = k*Ck*Cii

⇒⇒ allocated(allocated(ττ ii,(k+1)*T,(k+1)*Tii) ) -- allocated(allocated(ττ ii,k*T,k*Tii) = ) = CCii

⇒⇒ττ ii executedexecuted CCii time time unitsunits duringduring [[k*Tk*Tii,k*T,k*Tii+T+Tii]]
⇒⇒ ττ ii meetsmeets everyevery deadline in deadline in periodicperiodic schedulingscheduling

Proof
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OutlineOutline

• Existence of a pfair scheduling
algorithm

• The algorithm PF

ResultsResults

ResultsResults: : existenceexistence of a pfair of a pfair 
schedulingscheduling algorithmalgorithm

∑i={1,2,…,n} (Ci/Ti)≤ m   ⇒ a pfair schedule exists

1. ∑i={1,2,…,n} (Ci/Ti)= m⇒ a pfair schedule exists
2. If ∑i={1,2,…,n} (Ci/Ti)< m then add a dummy task such

that ∑i={1,2,…,n} (Ci/Ti)  becomes m.

WantWant to showto show

IdeaIdea



Invited talk PDRTS, February 15, 2005, Göteborg, Sweden.

9

ResultsResults: : existenceexistence of a pfair of a pfair 
schedulingscheduling algorithmalgorithm

∑i={1,2,…,n} (Ci/Ti)= m                                        ⇒ a pfair schedule exists

WantWant to showto show

∑i={1,2,…,n} (Ci/Ti)= m ⇒ a pfair schedule ⇒ a pfair schedule exists
exists during [0,L)

IdeaIdea

ResultsResults: : existenceexistence of a pfair of a pfair 
schedulingscheduling algorithmalgorithm

∑i={1,2,…,n} (Ci/Ti)= m ⇒ an integer solution               ⇒ a pfair schedule
to the network flow exists exists during [0,L)

IdeaIdea

WantWant to showto show

∑i={1,2,…,n} (Ci/Ti)= m ⇒ a pfair schedule
exists during [0,L)
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ResultsResults: : existenceexistence of a pfair of a pfair 
schedulingscheduling algorithmalgorithm

An integer solution to the network flow exists
⇒ a pfair schedule exists during [0,L)

(T1 = 2,C1=1), 
(T2 = 3,C2=1), 
(T3 = 6,C3=1), 
1 processor

τ1

τ2

τ3

τ11

τ12

τ13

τ21

τ22

τ31

τ11 t=0
τ11 t=1
τ12 t=2
τ12 t=3
τ13 t=4
τ13 t=5
τ21 t=0
τ21 t=1
τ22 t=2
τ22 t=3
τ23 t=4
τ23 t=5
τ31 t=0
τ31 t=1
τ32 t=2
τ32 t=3
τ33 t=4
τ33 t=5

t=0

t=1

t=2

t=3

t=4

t=5

m

m
m

m
m

m

m*Lm*L

1
1

1

1

1

1

3

2

1

ResultsResults: : existenceexistence of a pfair of a pfair 
schedulingscheduling algorithmalgorithm

WantWant to showto show

∑i={1,2,…,n} (Ci/Ti)= m                                            ⇒ an integer solution
to the network flow

IdeaIdea

∑i={1,2,…,n} (Ci/Ti)= m  ⇒ a fractional solution    ⇒ an integer solution
to the network flow to the network flow
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ResultsResults: The : The algorithmalgorithm PFPF

The The algorithmalgorithm PF PF assignsassigns prioritiespriorities to tasks at to tasks at everyevery
time time slotslot. (. (dynamicdynamic prioritypriority))

Theorem:Theorem:
The The scheduleschedule generatedgenerated by by algorithmalgorithm PF is pfair.PF is pfair.
ProofProof::
Baruah et al. Algorithmica’96Baruah et al. Algorithmica’96

ResultsResults: The : The algorithmalgorithm PFPF

time

lag

t t+1
time

lag

t t+1

lag(t)>0lag(t)>0 lag(t)<0lag(t)<0

0 0

execute

execute

idle

idle

idle

execute

idle

execute

11

-1 -1
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ResultsResults: The : The algorithmalgorithm PFPF

• Execute all urgent tasks.
A task τi is urgent at time t if

lag(τi,t)>0 and
lag(τi, t+1)≥0 if τi executes.

• Do not execute tnegru tasks.
A task τi is tnegru at time t if

lag(τi,t) < 0 and
lag(τi,t)≤0 if τi does not execute.

• For the other tasks, execute the task that have the 
least t>now such that lag(τi,t)>0.

ImprovementsImprovements

A new task A new task modelmodel: : intraintra--sporadicsporadic tasktask

•• IntraIntra--sporadicsporadic task task ⇒⇒ a pseudotask a pseudotask cancan arrivearrive
wheneverwhenever the the previousprevious pseudotask has pseudotask has completedcompleted

•• IntraIntra--sporadicsporadic tasks tasks cancan be be usedused to to scheduleschedule sporadicsporadic
and and asynchronousasynchronous task setstask sets

•• PDPD22 preservespreserves optimalityoptimality for for thesethese problemsproblems
• For details see: Srinivasan and Anderson, STOC’2002
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ConclusionConclusion

The The notionnotion of of pfairnesspfairness cancan be be usedused to design optimal to design optimal 
realreal--timetime schedulingscheduling algorithmsalgorithms for multiprocessors.for multiprocessors.


