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Matrix transposition

void transpose(int **a, int n) {

for (int i = 0; i < n-1; i++) {

for (int j = i+1; j < n; j++) {

swap(a[i][j], a[j][i]);

}

}

}

Nikita Frolov frolov@chalmers.se Cache complexity 2 / 17



An invisible resource

Assume a cache that has 8 blocks, 4 words in a block.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48

49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64

65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256
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An invisible resource

Assume a cache that has 8 blocks, 4 words in a block.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48

49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64

65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

1 2 3 4

17 18 19 20

Nikita Frolov frolov@chalmers.se Cache complexity 3 / 17



An invisible resource

Assume a cache that has 8 blocks, 4 words in a block.

1 17 3 4 5 6 7 8 9 10 11 12 13 14 15 16

2 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48
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81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144
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33 34 35 36
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An invisible resource

Assume a cache that has 8 blocks, 4 words in a block.
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An invisible resource

Assume a cache that has 8 blocks, 4 words in a block.
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An invisible resource

Assume a cache that has 8 blocks, 4 words in a block.
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An invisible resource

Assume a cache that has 8 blocks, 4 words in a block.

1 17 33 49 65 81 7 8 9 10 11 12 13 14 15 16
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An invisible resource

Assume a cache that has 8 blocks, 4 words in a block.

1 17 33 49 65 81 97 8 9 10 11 12 13 14 15 16
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An invisible resource

Assume a cache that has 8 blocks, 4 words in a block.

1 17 33 49 65 81 97 113 9 10 11 12 13 14 15 16

2 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

3 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48

4 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64

5 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

6 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

7 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112
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209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

8 114 115 116

9 10 11 12

129 130 131 132

4 50 51 52
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5 66 67 68

6 82 83 84

7 98 99 100
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Matrix transposition, tiled

void transpose_tiled(int **a, int n, int s) {

for (int i = 0; i < n/s; i++) {

for (int j = 0; j < n/s; j++) {

if (i == j) {

transpose(a+i*s+j*s), s);

} else {

transpose(a+i*s+j*s), s);

transpose(a+j*s+i*s), s);

swap_mat(a+i*s+j*s, a+j*s+i*s, n)

}

}

}

}
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An invisible resource (cont.)

Assume a cache that has 8 blocks, 4 words in a block.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48

49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64

65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256
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An invisible resource (cont.)

Assume a cache that has 8 blocks, 4 words in a block.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48

49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64

65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

1 2 3 4

17 18 19 20
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An invisible resource (cont.)

Assume a cache that has 8 blocks, 4 words in a block.

1 17 3 4 5 6 7 8 9 10 11 12 13 14 15 16

2 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48

49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64

65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

1 17 3 4

2 18 19 20

33 34 35 36
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An invisible resource (cont.)

Assume a cache that has 8 blocks, 4 words in a block.

1 17 33 4 5 6 7 8 9 10 11 12 13 14 15 16

2 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

3 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48

49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64

65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

1 17 33 4

2 18 19 20

3 34 35 36

49 50 51 52
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An invisible resource (cont.)

Assume a cache that has 8 blocks, 4 words in a block.

1 17 33 49 5 6 7 8 9 10 11 12 13 14 15 16

2 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

3 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48

4 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64

65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

1 17 33 49

2 18 19 20

3 34 35 36

4 50 51 52
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An invisible resource (cont.)

Assume a cache that has 8 blocks, 4 words in a block.

1 17 33 49 5 6 7 8 9 10 11 12 13 14 15 16

2 18 34 20 21 22 23 24 25 26 27 28 29 30 31 32

3 19 35 36 37 38 39 40 41 42 43 44 45 46 47 48

4 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64

65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

1 17 33 49

2 18 34 20

3 19 35 36

4 50 51 52
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An invisible resource (cont.)

Assume a cache that has 8 blocks, 4 words in a block.

1 17 33 49 5 6 7 8 9 10 11 12 13 14 15 16

2 18 34 50 21 22 23 24 25 26 27 28 29 30 31 32

3 19 35 36 37 38 39 40 41 42 43 44 45 46 47 48

4 20 51 52 53 54 55 56 57 58 59 60 61 62 63 64

65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

1 17 33 49

2 18 34 50

3 19 35 36

4 20 51 52
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An invisible resource (cont.)

Assume a cache that has 8 blocks, 4 words in a block.

1 17 33 49 5 6 7 8 9 10 11 12 13 14 15 16

2 18 34 50 21 22 23 24 25 26 27 28 29 30 31 32

3 19 35 51 37 38 39 40 41 42 43 44 45 46 47 48

4 20 36 52 53 54 55 56 57 58 59 60 61 62 63 64

65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

1 17 33 49

2 18 34 50

3 19 35 51

4 20 36 52

5 6 7 8

65 66 67 68
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An invisible resource (cont.)

Assume a cache that has 8 blocks, 4 words in a block.

1 17 33 49 65 6 7 8 9 10 11 12 13 14 15 16

2 18 34 50 21 22 23 24 25 26 27 28 29 30 31 32

3 19 35 51 37 38 39 40 41 42 43 44 45 46 47 48

4 20 36 52 53 54 55 56 57 58 59 60 61 62 63 64

5 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

1 17 33 49

2 18 34 50

3 19 35 51

4 20 36 52

65 6 7 8

5 66 67 68

81 82 83 84

Nikita Frolov frolov@chalmers.se Cache complexity 5 / 17



An invisible resource (cont.)

Assume a cache that has 8 blocks, 4 words in a block.

1 17 33 49 65 81 7 8 9 10 11 12 13 14 15 16

2 18 34 50 21 22 23 24 25 26 27 28 29 30 31 32

3 19 35 51 37 38 39 40 41 42 43 44 45 46 47 48

4 20 36 52 53 54 55 56 57 58 59 60 61 62 63 64

5 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

6 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

1 17 33 49

2 18 34 50

3 19 35 51

4 20 36 52

65 81 7 8

5 66 67 68

6 82 83 84

97 98 99 100
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An invisible resource (cont.)

Assume a cache that has 8 blocks, 4 words in a block.

1 17 33 49 65 81 97 8 9 10 11 12 13 14 15 16

2 18 34 50 21 22 23 24 25 26 27 28 29 30 31 32

3 19 35 51 37 38 39 40 41 42 43 44 45 46 47 48

4 20 36 52 53 54 55 56 57 58 59 60 61 62 63 64

5 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

6 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

7 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

113 114 115 116

2 18 34 50

3 19 35 51

4 20 36 52

65 81 97 8

5 66 67 68

6 82 83 84

7 98 99 100
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An invisible resource (cont.)

Assume a cache that has 8 blocks, 4 words in a block.

1 17 33 49 65 81 97 113 9 10 11 12 13 14 15 16

2 18 34 50 21 22 23 24 25 26 27 28 29 30 31 32

3 19 35 51 37 38 39 40 41 42 43 44 45 46 47 48

4 20 36 52 53 54 55 56 57 58 59 60 61 62 63 64

5 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

6 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

7 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

8 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128

129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144

145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160

161 162 163 164 165 166 167 168 169 170 171 172 173 174 175 176

177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192

193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208

209 210 211 212 213 214 215 216 217 218 219 220 221 222 223 224

225 226 227 228 229 230 231 232 233 234 235 236 237 238 239 240

241 242 243 244 245 246 247 248 249 250 251 252 253 254 255 256

113 114 115 116

21 22 23 24

3 19 35 51

4 20 36 52

65 81 97 8

5 66 67 68

6 82 83 84

7 98 99 100
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Invisible among invisible

Assume a cache that has 8 blocks, 4 words in a block
and is direct-mapped!

1 17 33 49 65 81 97 113 9 10 11 12 13 14 15 16

2 18 34 50 21 22 23 24 25 26 27 28 29 30 31 32

3 19 35 51 37 38 39 40 41 42 43 44 45 46 47 48

4 20 36 52 53 54 55 56 57 58 59 60 61 62 63 64

5 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80

6 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96

7 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112

8 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128
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Fig. 1. The ideal-cache model.

Before discussing the notion of cache obliviousness, we first introduce the (M,B)
ideal-cache model to study the cache complexity of algorithms. This model, which
is illustrated in Figure 1, consists of a computer with a two-level memory hierarchy
consisting of an ideal (data) cache of M words and an arbitrarily large main memory.
Because the actual size of words in a computer is typically a small, fixed size (4 bytes,
8 bytes, etc.), we shall assume that word size is constant; the particular constant does
not affect our asymptotic analyses. The cache is partitioned into cache lines, each
of which can store a cache block consisting of B consecutive words which are always
moved together between cache and main memory. Cache designers typically use B > 1,
banking on spatial locality to amortize the overhead of moving the cache block. We
shall generally assume in this article that the cache is tall:

M = !(B2) , (1)
which is usually true in practice.

The processor can only reference words that reside in the cache. If the referenced
word belongs to a block already in cache, a cache hit occurs, and the word is delivered
to the processor. Otherwise, a cache miss occurs, and the block is fetched into the
cache. The ideal cache is fully associative [Hennessy and Patterson 1996, Ch. 5]: cache
blocks can be stored anywhere in the cache. If the cache is full, a cache block must be
evicted. The ideal cache uses the optimal offline strategy of replacing the cache block
whose next access is furthest in the future [Belady 1966], and thus it exploits temporal
locality perfectly.

Unlike various other hierarchical-memory models [Aggarwal et al. 1987a, 1987b;
Alpern et al. 1990; Bilardi and Peserico 2001] in which algorithms are analyzed in
terms of a single measure, the ideal-cache model uses two measures. An algorithm
with an input of size n is measured by its work complexity W(n)—its conventional
running time in a RAM model [Aho et al. 1974]—and its cache complexity Q(n; M,B)—
the number of cache misses it incurs as a function of the size M and line length B of
the ideal cache. When M and B are clear from context, we denote the cache complexity
simply as Q(n) to ease notation.

We define an algorithm to be cache aware if it contains parameters (set at ei-
ther compile-time or runtime) that can be tuned to optimize the cache complexity
for the particular cache size and length of cache block. Otherwise, the algorithm is
cache oblivious. Historically, good performance has been obtained using cache-aware
algorithms, but we shall exhibit several optimal1 cache-oblivious algorithms.

1For simplicity in this article, we use the term “optimal” as a synonym for “asymptotically optimal,” since
all our analyses are asymptotic.

ACM Transactions on Algorithms, Vol. 8, No. 1, Article 4, Publication date: January 2012.

I tall (M = Ω(B2));

I two levels;

I fully associative;

I optimal replacement.

(courtesy of Frigo, M. et al., “Cache-oblivious algorithms”, 2012.)
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Counting misses
void transpose_tiled(int **a, int n, int s) {

for (int i = 0; i < n/s; i++) {

for (int j = 0; j < n/s; j++) {

if (i == j) {

transpose(a+i*s+j*s), s);

} else {

transpose(a+i*s+j*s), s); transpose(a+j*s+i*s), s);

swap_mat(a+i*s+j*s, a+j*s+i*s, n) } } } }

I s is chosen to fit two submatrices into cache;

I a submatrix occupies Θ(s + s2/B) cache blocks;

I s = Θ(
√
M) (from tall cache assumption);

I each transpose has Qt(n) = Θ(M/B) = Θ(s2/B);

I Qtt(n) = Θ(n2/s2 · s2/B) = Θ(n2/B).
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Simulating optimal replacement

For a (M,B) LRU cache,

Q(n;M,B) ≤ 2Q∗(n;M/2,B)

where
Q assumes LRU, Q∗ assumes optimal replacement.

Proof by Sleator, D. D. and Tarjan, R. E. in “Amortized
efficiency of list update and paging rules”, 1985.
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Simulating multi-level hierarchies

A (Mi ,Bi) cache at the i -th level of hierarchy always
contains the same blocks as one-level (M,B) cache, if:

I LRU;

I elements that share a block on level i also share a
block on level i + 1;

I level i + 1 cache is strictly larger than level i cache.

Proof idea: level i + 1 replaces blocks in the same order
as level i .
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Simulating full associativity

I direct-mapped: one word that has address starting
with tag goes into the cache block with tag;

I fully associative: any words go into cache blocks
with tag;

I a tag is an id for a cache block, number of tags is
capacity, large caches have more tags;

I for some two capacities, a small fully associative
cache will have the same number of tags as a
direct-mapped one!
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Does it always work?

I the commonly used two-way mergesort is oblivious
but not optimal;

I the m-way mergesort is optimal but not oblivious.
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Does it always work?

I the commonly used two-way mergesort is oblivious
but not optimal;

I the m-way mergesort is optimal but not oblivious.

Solution: go from tiling to divide and conquer, as before.
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Funnelsort

4:10 M. Frigo et al.

Fig. 3. Illustration of a k-merger. A k-merger is built recursively out of
√

k “left”
√

k-mergers L 1, L 2, . . .,
L√ k, a series of buffers, and one “right”

√
k-merger R.

Invariant. Each invocation of a k-merger outputs the next k3 elements of the sorted
sequence obtained by merging the k input sequences.

A k-merger is built recursively out of
√

k-mergers in the following way. The k in-
puts are partitioned into

√
k sets of

√
k elements, which form the input to the

√
k√

k-mergers L1, L2, . . . , L√k in the left part of the figure. The outputs of these mergers
are connected to the inputs of

√
k buffers. Each buffer is a FIFO queue that can hold

2k3/2 elements. Finally, the outputs of the buffers are connected to the
√

k inputs of
the
√

k-merger R in the right part of the figure. The output of this final
√

k-merger
becomes the output of the whole k-merger. The intermediate buffers are overdimen-
sioned, since each can hold 2k3/2 elements, which is twice the number k3/2 of elements
output by a

√
k-merger. This additional buffer space is necessary for the correct be-

havior of the algorithm, as will be explained below. The base case of the recursion is a
k-merger with k = 2, which produces k3 = 8 elements whenever invoked.

A k-merger operates recursively in the following way. In order to output k3 elements,
the k-merger invokes R k3/2 times. Before each invocation, however, the k-merger fills
all buffers that are less than half full, that is, all buffers that contain less than k3/2

elements. In order to fill buffer i, the algorithm invokes the corresponding left merger
Li once. Since Li outputs k3/2 elements, the buffer contains at least k3/2 elements after
Li finishes.

It can be proven by induction that the work complexity of funnelsort is O(n lg n).
We will now analyze the cache complexity. The goal of the analysis is to show that
funnelsort on n elements requires at most Q(n) cache misses, where

Q(n) = O(1 + (n/B)(1 + logM n)) .

In order to prove this result, we need three auxiliary lemmas. The first lemma bounds
the space required by a k-merger.

LEMMA 4.1. A k-merger can be laid out in O(k2) contiguous memory locations.

ACM Transactions on Algorithms, Vol. 8, No. 1, Article 4, Publication date: January 2012.

I input is split into n1/3

arrays of size n2/3;

I subarrays are
recursively sorted;

I n1/3 sorted subarrays
can be sorted with a
n1/3-merger;

I a k-merger is built
recursively out of√
k-mergers.

(courtesy of Frigo, M. et al., “Cache-oblivious algorithms”, 2012.)
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Funnelsort (cont.)

I a k-merger requires O(k2) memory;

I Qmerge(k) = O(1 + k + k3B + (k3 logM k/B));

I Q(n) = n1/3Q(n2/3) + Qmerge(n1/3) = n1/3Q(n2/3 +
O((n logM n)/B) = O(1 + (n/B)(1 + logM n))).
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Conclusion

Remember what’s hidden:

I capacity;

I block (line) size;

I associativity;

I replacement policy;

I consistency policy.

False sharing!
Divide and conquer is oblivious but not always optimal.
In the real world, recursion cutoff is important and
asymptote is not.
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