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Agenda

Bayes Classifier (continued)
Naive Bayes Classifier



Probability Distributions

Bernoulli

P(X = 1) = p, P(X = 0) = 1−p X ∼ Ber(p)

Gaussian Distribution

P(X = x) =
1√

2πσ2
e−

(x−µ)2

2σ2 X ∼ N(µ,σ2)

Multivariate Gaussian

P(X = x) =
1√

(2π)d |Σ|
e−

1
2 (x−µ)>Σ−1(x−µ) X ∼ N(µ,Σ)



Maximum Likelihood

Let Z ∼ P(θ) Estimate θ from n i.i.d observations of Z

The maximum likelihood estimate

L L (θ) =
n

∑
i=1

logP(Zi = zi |θ)

θ
∗ = argmaxθ L L (θ)
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Maximum Likelihood

Bernoulli

Given x1,x2, . . . ,xn ∼ Ber(p) p̂ = 1
n#(xi = 1)

Gaussian Distribution

Given x1,x2, . . . ,xn ∼ N(µ,σ2) then

µ̂ =
1
n

n

∑
i=1

xi σ̂
2 =

1
n

n

∑
i=1

(xi − µ̂)2

Multivariate Gaussian Distribution

Given x1,x2, . . . ,xn ∼ N(µ,Σ)

µ̂ =
1
n

n

∑
i=1

xi Σ̂ =
1
n

n

∑
i=1

(xi − µ̂)(xi − µ̂)>



Bayes Classifier

From Data estimate P(X = x |Y = i) and P(Y = i).
Compute P(Y = i |X = x) = P(X=x |Y=i)P(Y=i)

P(X=x)

scorei(x) = logP(Y = i |X = x)

= logP(X = x |Y = i)+ci

ci = logP(Y = i)− logP(X = x)

Bayes Classifier

f (x) = argmaxiscorei(x)



Independent features, gaussian distributed

Assumptions

x = (f1, f2, . . . , fd)>

x ∈ IRd P(X = x |Y = 1) =
d

∏
j=1

N(µ1j ,σ
2
1j)

score1(x) =−1
2

d

∑
j=1

(
log(2πσ

2
1j)+

(fj −µ1j)
2

σ2
1j

)
+c1

Similarly for class 2.
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Naive Bayes Classifier

Assumption on feature independence
works well for many problems, specially on text
classification



Spam Emails



Spam Emails



Naive Bayes Classifier: Bernoulli model

Create a feature list where each feature is on/off. Denote the
feature map x = [f1, . . . , fd ]>

P(X = x |Y = y) = ∏
d
i=1 P(Fi = fi |Y = y)

p1i = P(Fi = 1|Y = 1) p2i = P(Fi = 1|Y = 2)

score1(x) = ∑
i

(fi logp1i +(1− fi)log(1−p1i))+c1

similarly score2(x)
Bayes Classifier: Output the class with the higher score



Naive Bayes: Bernoulli

Source: Introduction to Information Retrieval. (Manning,
Raghavan, Schutze)



Discriminant functions

Bayes Classifier

h(x) = sign

(
d

∑
i=1

fiwi −b

)

wi = log p1i (1−p2i )
(1−p1i )p2i

h(x) is sometimes called Discriminant function



Gaussian class conditional distributions

Let the class conditional distributions be N(µ1,Σ) and N(µ2,Σ).
The Bayes classifier is given by

h(x) = sign(w>x−b)

w = Σ−1(µ1−µ2)



Linear classifiers

L

inear Classifiers can be Bayes classifier

h(x) = sign(w>x−b)

Naive Bayes: Bernoulli
Gaussian class conditional distribution with same covariance



Bayes Classifier

Gives the best Generalization error
Computing P(X = x |Y = y) is hard
Easy under severe assumptions on the distribution


