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Trailer

Setting

normalization-by-evaluation = completeness ˝ soundness
soundness = interpretiation (into any model)
completeness = reification (from syntactic model)

Story

Reason semantics needs std. solution our solution

Reification ñ monotonicity presheaves comonad coalgebras
Reflection ` case distinction sheaves monad algebra

Suspension: what’s call-by-push-value to do with this?
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus Z

x : A P Γ

Γ $ x : A

Γ $ t : Añ B Γ $ u : A

Γ $ t u : B

Γ, x :A $ t : B

Γ $ λx . t : Añ B
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus Y

x : A P Γ

x : Γ $ A

t : Γ $ Añ B u : Γ $ A

t u : Γ $ B

t : Γ, x :A $ B

λx . t : Γ $ Añ B
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus X

x : pA P Γq

x : pΓ $ Aq

t : pΓ $ Añ Bq u : pΓ $ Aq

t u : pΓ $ Bq

t : pΓ, x :A $ Bq

λx . t : pΓ $ Añ Bq
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus W

x : pA P Γq

var x : pΓ $ Aq

t : pΓ $ Añ Bq u : pΓ $ Aq

app t u : pΓ $ Bq

t : pΓ.A $ Bq

abs t : pΓ $ Añ Bq
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus V

x : A P Γ

var x : Γ $ A

t : Γ $ Añ B u : Γ $ A

app t u : Γ $ B

t : Γ.A $ B

abs t : Γ $ Añ B
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus U

var
A P Γ

Γ $ A

app
Γ $ Añ B Γ $ A

Γ $ B

abs
Γ.A $ B

Γ $ Añ B
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus T

var
VarAΓ

TmA
Γ

app
TmAñB

Γ TmA
Γ

TmB
Γ

abs
TmB

Γ.A

TmAñB
Γ
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus S

var : VarAΓ Ñ TmA
Γ

app : TmAñB
Γ ˆ TmA

Γ Ñ TmB
Γ

abs : TmB
Γ.A Ñ TmAñB

Γ
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus R

var : VarAΓ Ñ TmA
Γ

app : TmAñB
Γ ˆ TmA

Γ Ñ TmB
Γ

abs : TmB
Γ.A Ñ TmAñB

Γ

zero : 1 Ñ VarAΓ.A

suc : VarAΓ Ñ VarAΓ.A1
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Simply-Typed Lambda-Calculus

Contexts Γ Ď ∆: branching time

¨ ¨ ¨ ¨ ¨ ¨ A.A.B A.B.A ¨ ¨ ¨ B.D.C .A ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

A.A

\\ OO ??

A.B

WW ee ????

ö B.A

__ OO ==

D.C

aa OO BB 99

¨ ¨ ¨

¨ ¨ ¨

A

VV dd AA

ö B

]] AA

C

>>

44

¨ ¨ ¨

¨ ¨ ¨

ε

ff OO 77 33
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Simply-Typed Lambda-Calculus

Context interpretation rrΓss

¨ ¨ ¨

��

¨ ¨ ¨

��

rrA.A.Bss

π1
��

π1ˆid

��π2ˆid ##

rrA.B.Ass

π1
�� π2ˆid ��

¨ ¨ ¨

��

rrB.D.C .Ass

~~   

¨ ¨ ¨

��

¨ ¨ ¨

��

¨ ¨ ¨

��
rrA.Ass

π2

��
π1 ""

rrA.Bss

π1

��

π2

��

ö rrB.Ass

π1

��

rrD.C ss

π2

��

¨ ¨ ¨

¨ ¨ ¨

tt
rrAss

!

%%

ö rrBss

!

��

rrC ss

!

xx

¨ ¨ ¨

!

tt

¨ ¨ ¨

rrεss

rrAn. . . . .A1ss “ rrAnssˆ ¨ ¨ ¨ˆ rrA1ss
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Simply-Typed Lambda-Calculus

Context-indexed sets: temporal propositions!?

A ¨
Ñ B “ @Γ. AΓ Ñ BΓ morphism

pA ˆ BqΓ “ AΓ ˆ BΓ pointwise constructions

pA ¨
ñ BqΓ “ AΓ Ñ BΓ

...

prAsBqΓ “ BΓ.A next-time (dynamic logic)
plBqΓ “ @∆ Ě Γ. B∆ forever (AG)
p♦BqΓ “ D∆ Ě Γ. B∆ sometimes (EF)

l pA ¨
ñ Bq “ @∆ Ě Γ. A∆ Ñ B∆ Kripke function space
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Simply-Typed Lambda-Calculus

Laws for context extension

pA ¨
Ñ Bq Ñ prAsA ¨

Ñ rAsBq functor

rAs pA ˆ Bq “ rAsA ˆ rAsB distributes

rAs pA ¨
ñ Bq “ rAsA ¨

ñ rAsB
...
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Simply-Typed Lambda-Calculus

Laws forever

pA ¨
Ñ Bq Ñ lA ¨

Ñ lB functor

lB ¨
Ñ B comonad

lB ¨
Ñ llB

91
¨
Ñ l 91 monoidality

lA ˆlB ¨
Ñ l pA ˆ Bq

lB ¨
Ñ rAsB instantiation
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus R

var : VarAΓ Ñ TmA
Γ

app : TmAñB
Γ ˆ TmA

Γ Ñ TmB
Γ

abs : TmB
Γ.A Ñ TmAñB

Γ

zero : 1 Ñ VarAΓ.A

suc : VarAΓ Ñ VarAΓ.A1
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus Q

var : VarAΓ Ñ TmA
Γ

app : TmAñB
Γ ˆ TmA

Γ Ñ TmB
Γ

abs :
`

rAsTmB
˘

Γ
Ñ TmAñB

Γ

zero : 1 Ñ
`

rAsVarA
˘

Γ

suc : VarAΓ Ñ
`

rA1sVarA
˘

Γ
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus P

var : VarA
¨
Ñ TmA

app : TmAñB ˆ TmA ¨
Ñ TmB

abs : rAsTmB ¨
Ñ TmAñB

zero : 1
¨
Ñ rAsVarA

suc : VarA
¨
Ñ rA1sVarA
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Simply-Typed Lambda-Calculus

Normal forms N

var : VarA
¨
Ñ NeA

app : NeAñB ˆ NfA
¨
Ñ NeB

abs : rAsNfB
¨
Ñ NfAñB

zero : 1
¨
Ñ rAsVarA

suc : VarA
¨
Ñ rA1sVarA
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Simply-Typed Lambda-Calculus

Normal forms M

var : VarA
¨
Ñ NeA

app : NeAñB ˆ NfA
¨
Ñ NeB

abs : rAsNfB
¨
Ñ NfAñB

ne : NeB
¨
Ñ NfB

zero : 1
¨
Ñ rAsVarA

suc : VarA
¨
Ñ rA1sVarA
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Normalization by Evaluation

Normalization by evaluation

prrΓss
¨
Ñ rrBssq ˆ rrΓssΓ

apply // rrBssΓ

reifyB

��

rrAssΓ

Γ

reflect

OO

TmB
Γ

L M

OO

norm // NfBΓ VarAΓ

reflectA

OO
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Normalization by Evaluation

NbE type semantics

rross “ Nfo if o is a base type

rr1ss “ 91
rrAˆ Bss “ rrAssˆ rrBss

rrAñ Bss “ l prrAss
¨
ñ rrBssq monotonization

monA : rrAss
¨
Ñ l rrAss monotonicity

“presheaf”
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Normalization by Evaluation

Reification rrBss
¨
Ñ TmB

prAs rrAss
¨
ñ rAs rrBssq ˆ rAs rrAss

apply // rAs rrBss

rAs reifyB

��

|

rAs prrAss
¨
ñ rrBssq rAsVarA

rAs reflect

OO

rAsNfB

abs

��

l prrAss
¨
ñ rrBssq

OO

1

zero

OO

rrAñ Bss
reifyAñB

// NfAñB
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Normalization by Evaluation

Reification l rrBss
¨
Ñ TmB

rAsl prrAss
¨
ñ rrBssq ˆ rAsl rrAss

rAs applyl

// rAsl rrBss

rAs reifyB

��

|

ll prrAss
¨
ñ rrBssq

OO

rAsVarA

rAs reflect

OO

rAsNfB

abs

��

l prrAss
¨
ñ rrBssq

OO

1

zero

OO

l rrAñ Bss
reifyAñB

// NfAñB
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Normalization by Evaluation

Monotone (positive) types

P mon // lP

��
P

comonad coalgebra

P ::“ lN | 91 | P ˆ P 1 | 90 | P ` P 1
| VarA | NeA | NfA | TmA
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Normalization by Evaluation

Sum types

rr0ss “ 90 ?

rrA1 ` A2ss “ rrA1ss` rrA2ss ?
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Normalization by Evaluation

Reflection VarA
¨
Ñ rrAss

VarA1`A2 ˆ rA1s rrA1 ` A2ss ˆ rA2s rrA1 ` A2ss
case // rrA1 ` A2ss

rA1s rrA1ss

OO

rA2s rrA2ss

OO

rA1sVarA1

rA1s reflectA1

OO

rA2sVarA2

rA2s reflectA2

OO

1

zero
OO

1

zero
OO

VarA1`A2 VarA1`A2

reflectA1`A2

OO
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Normalization by Evaluation

Case trees �A

return
A

return
A

case
VarA

1
1`A

1
2

rA11s

__

rA12s

==

abort
Var0

case
VarA1`A2

rA1s

aa

rA2s

@@

return
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Normalization by Evaluation

Cover monad � („AF)

abort : Var0 ¨
Ñ �A services

case : VarA1`A2 ˆ prA1s�Aqˆ prA2s�Aq
¨
Ñ �A

return : A ¨
Ñ �A monad

join : ��A ¨
Ñ �A

map : pA ¨
Ñ Bq Ñ p�A ¨

Ñ �Bq functor

ymap : l pA ¨
ñ Bqˆ �A ¨

Ñ �B strong functor

�lA ¨
Ñ l�A commutative law
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Normalization by Evaluation

Reflection VarA
¨
Ñ �rrAss

VarA1`A2 ˆ rA1s�rrA1 ` A2ss ˆ rA2s�rrA1 ` A2ss
case // �rrA1 ` A2ss

rA1s�rrA1ss

OO

rA2s�rrA2ss

OO

rA1sVarA1

rA1s reflectA1

OO

rA2sVarA2

rA2s reflectA2

OO

1

zero
OO

1

zero
OO

VarA1`A2 VarA1`A2

reflectA1`A2

OO
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Normalization by Evaluation

Sum types

rr0ss “ � 90

rrA1 ` A2ss “ �prrA1ss` rrA2ssq

sufficient?
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Normalization by Evaluation

Monadic (runnable, negative) types

�N run // N

N

return

OO monad algebra

N ::“ �P | 91 | N ˆN 1 | P ¨
ñ N computation types

| NfA | TmA

P ::“ lN | 91 | P ˆ P 1 | 90 | P ` P 1 value types
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Normalization by Evaluation

NbE standard interpretation (sheaves, mon & run)

rr0ss “ � 90
rrA1 ` A2ss “ �prrA1ss` rrA2ssq

rr1ss “ 91
rrAˆ Bss “ rrAssˆ rrBss

rrAñ Bss “ l prrAss
¨
ñ rrBssq

reflectA : NeA
¨
Ñ rrAss

reifyB : rrBss
¨
Ñ NfB
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Normalization by Evaluation

Call-by-name interpretation (computation types)

rr0ss´ “ � 90

rrA1 ` A2ss
´

“ �pl rrA1ss
´
`l rrA2ss

´
q

rr1ss´ “ 91

rrB1 ˆ B2ss
´

“ rrB1ss
´
ˆ rrB2ss

´

rrAñ Bss´ “ l rrAss´
¨
ñ rrBss´

reflectN : NeN
¨
Ñ rrNss´

reifyN : l rrNss´
¨
Ñ NfN
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Normalization by Evaluation

Call-by-value interpretation (value types)

rr0ss` “ 90

rrA1 ` A2ss
`

“ rrA1ss
`
` rrA2ss

`

rr1ss` “ 91

rrA1 ˆ A2ss
`

“ rrA1ss
`
ˆ rrA2ss

`

rrAñ Bss` “ l prrAss`
¨
ñ �rrBss`q

reflectP : NeP
¨
Ñ �rrPss`

reifyP : rrPss`
¨
Ñ NfP
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Normalization by Evaluation

Optimal interpretation (mixed, CBPV)

rr0ss` “ 90

rrA1 ` A2ss
`
“ rrA1ss

`
` rrA2ss

`

rrAñ Bss` “ l rrAñ Bss´

rr0ss´ “ �rr0ss`

rrA1 ` A2ss
´
“ �rrA1 ` A2ss

`

rrAñ Bss´ “ rrAss`
¨
ñ rrBss´

reflectP : NeP
¨
Ñ �rrPss`

reifyP : rrPss`
¨
Ñ NfP

reflectN : NeN
¨
Ñ rrNss´

reifyN : l rrNss´
¨
Ñ NfN
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Normalization by Evaluation

Cliffhanger?

Normalization by Evaluation for Call-by-Push-Value
and Polarized Lambda-Calculus

Andreas Abel, Christian Sattler
https://arxiv.org/abs/1902.06097
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Normalization by Evaluation

Making Of

Agda code

https://github.com/andreasabel/ipl/
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Normalization by Evaluation
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