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Example

fun flat [] = []

| flat (l::ls) = aux l ls

and aux [] ls = flat ls

| aux (x::xs) ls = x :: aux xs ls;

flat( < ) 77
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Size Change Precategory L

• objects: function identifiers F

• morphisms: t-semilattices of size change information

? : L(g, h)× L(f, g)→ L(f, h)

Interpretation [[−]]

L(f, g) 3 A 7→ [[A]] ⊆ Dg ×Df

1. A v B ⇒ [[A]] ⊆ [[B]]

2. [[C ? B]] ⊇ [[C]] ◦ [[B]]

Slide 4

Call Graph C ⊆ L

C : ((f, g) ∈ F × F)→ P(L(f, g))

f
A−→ g iff A ∈ C(f, g)

Completion C+

C complete :⇐⇒ closed under composition

A ∈ C(f, g) B ∈ C(g, h)

B ? A ∈ C(f, h)

C+ :⇐⇒ completion of C

f
A−→+ g iff A ∈ C+(f, g)
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Termination ⇓

∀g, f A−→ g, v ∈ Dg, w ∈ Df . v [[A]] w ⇒ g@v ⇓

f@w ⇓
f ⇓ :⇐⇒ ∀v ∈ Df . f@v ⇓

Evaluation Ordering �

f
A−→ g ∧ v [[A]] w ⇒ (g, v)� (f, w)

Prop. If a wellfounded evaluation ordering exists for C, then all
functions f ∈ F terminate.
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Functions with a Single Argument

f
? // g

≤
((
h

<
hh
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Single Argument Lattice L
Consists of the three elements < v ≤ v ?.

? < ≤ ?

< < < ?

≤ < ≤ ?

? ? ? ?

Interpretation in Wellordered Domain (D,<)

v [[<]] w :⇐⇒ v < w

v [[≤]] w :⇐⇒ v = w or v < w

v [[?]] w :⇐⇒ True
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Good Call Graph

f
R−→+ f implies R = <

Lemma.

f
R0−→ f1

R1−→ . . .
Rn−1−→ fn

Rn−→ f implies Ri v ≤ for all i

Lemma.

f
R0−→ f1

R1−→ . . .
Rn−1−→ fn

Rn−→ f implies Ri = < for some i
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Function Orderings

g � h :⇐⇒ h
≤−→ g

g � h :⇐⇒ h −→ g

g ≈ h :⇐⇒ g �+ h ∧ h �+ g

g ≺ h :⇐⇒ g �\≈ h

Theorem. �+ and ≺+ are irreflexive.

Corollary. For a finite F � and ≺ are wellfounded.
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Evaluation Ordering �

(g, v)� (f, w) :⇐⇒ g ≺ f
∨ (g ≈ f ∧ v < w

∨ (v = w ∧ g � f))

Prop. � is a wellfounded evaluation ordering.
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Functions with Several Arguments

ar : F → N

Call Matrices Precategory L
Size change information (σ, a) ∈ L(f, g)

σ : ar(g)→ ar(f)

a : ar(g)→ L

((σ′, a′) ? (σ, a))(i) := (σ(σ′(i)), a′i ?L aσ′(i))

Interpretation in Df := Dar(f)

Let (σ, a) ∈ L(f, g).

v [[σ, a]] w :⇐⇒ v [[a]] w ◦ σ :⇐⇒ ∀i ∈ ar(g). vi [[ai]] wσ(i)
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Good Call Graph
For each f ∈ F a permutation

πf : ar(f)→ ar(f)

s.th. for each cycle Z := f
(σ,a)−→+ f there is a 1 ≤ k(Z) ≤ ar(f)

fulfilling

σ ◦ πf � k(Z) = πf � k(Z) (1)

a ◦ πf � k(Z) = <k(Z) (2)

where

<k := (≤, . . . ,≤, <) ∈ Lk

≤k := (≤, . . . ,≤,≤) ∈ Lk
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Function Ordering �

g � f :⇐⇒ ∃f (σ,a)−→ g. ∀Z. Z = h −→∗ f (σ,a)−→ g
τ−→∗ h

⇒ a ◦ τ ◦ πh � k(Z) = ≤k(Z)

Lemma. The relation �+⊆ F ×F is irreflexive.

Let f σ−→ g.

v <h w :⇐⇒ ∀Z = h −→∗ f σ−→ g
τ−→∗ f.

v ◦ τ ◦ πh � k(Z) [[<k(Z)]] w ◦ σ ◦ τ ◦ πh � k(Z)

v ≤h w :⇐⇒ ∀Z = h −→∗ f σ−→ g
τ−→∗ f.

v ◦ τ ◦ πh � k(Z) [[≤k(Z)]] w ◦ σ ◦ τ ◦ πh � k(Z)

Evaluation Ordering �
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(g, v)� (f, w) :⇐⇒ g ≺ f ∨ (g ≈ f ∧ ∃f (σ,a)−→ g.

∀h ≈ f. v ≤h w ∧ (∃h ≈ f. v <h w ∨ g � f))

Theorem. � is a wellfounded evaluation ordering.
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